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Poisson Process of Rate �

A Poisson process  is a counting process.A(t)
For each is a random variable denoting thet � 0, A(t)
number of arrivals from  0 to t. 

Number of arrivals in disjoint time intervals are
independent.

Number of arrivals in any interval of length  is�

Poisson with parameter � � �

       P{ A(t + �) − A(t) = n} = e−�� (��)n

n! ,n = 0, 1, � � �

         E{ A(t + �) − A(t)} = � � � � : arrival rate

      2         

���� �

���� �

� � � � 	

�

�

�

�

	

����

� � � �� � � �

��� 	
��� 	 ��� 	
��� 	�� ��

� � � �� � � �

��� 	
��� 	

��� 	
��� 	

�

�

�

�

independent not independent



Properties of Poisson process

Let tn = time of n th arrival
       �n = tn+1 − tn = interarrival time

� P(�n � s) = P{ A(tn + s) − A(tn) = 0} = e−�S

    ( Interarrival times are exponentially distributed with          
     parameter  )� , mean 1

�
, variance 1

�2

�  P(�n � r + t | �n � t) = P(�n�r+t,�n�t)
P(�n�t) = e−�(r+t)

e−�t = e−�r = P(�n � r)

                                (memoryless)

� For any t, and any (small) :�

     P{ A(t + �) − A(t) = 0} = 1 −�� + o(�)
     P{ A(t + �) − A(t) = 1} = �� + o(�)
     P{ A(t + �) − A(t) � 2} = o(�)

    where 
��0
lim

o(�)
�

= 0

These follow from definition:

             P{ A(t + �) − A(t) = n} = e−��(��)n

n!
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� If are independent PoissonA1(t), A2(t), � � �,Ak(t)

processes of rate , then �1,�2, � � �,�k

 is a Poisson process of rate A1(t) + A2(t) +� � � +Ak(t)

�1 + �2 + � � � +�k

If each arrival of a Poisson process is independently

sent to system 1 with prob. p and system 2 with prob.

1-p, the arrivals to each system are Poisson and

independent.(see also Ex.3.11a)

    1       

p

1-p

random 
independent

selection

(see also Ex.3.10c)

p

(1-p)
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t1 2 3 4 5 6 7

Arrivals

1 2 3 4 5

t

X X X1 2 3

Departuers

7,6 2,1345
Situation at time t
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pn = ( �
n� )pn−1 = �2

n(n−1)�2 pn−2 = � � � � � = �n

n!�n p0

�� � >��

pn = ( �
m� )pn−1 = ( �

m�)2pn−2 = � � = ( �
m� )n−mpm = �np0

mn−mm!�n

��� � = �
m� < 1� pn = {

p0
mm�n

m! , n>m

p0
(m�)n

n! , n�m

�

n=0
� pn = 1� � � � p0 = [

m−1

n=0
�

(m�)n

n! + (m�)m

m!(1−�) ]
−1

��� ����	�
�
�
 	� 	��
�
�� �������� �
�� �
�� 	��

������� ���
 �	�� �
�� �	�� �� �	
�� 
�

P (all servers busy) = PQ =
�

n=m�
pn = � � � = p0(m�)m

m!(1−�)

   Erlang C formula used in telephony
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Example: Assume m=100 sessions sharing a link.
Assume 100 frequency bands, but packets are
assigned to any available band. This is an M/M/100.

Under light load is almost the same as FDM
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Under heavy load delay is almost the same as
statistical multiplexing

  , � small: T1 � T2 � 100T3 � large (� � �) : T1 � T3 = T2

100
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                      M/M/    queue.

As in M/M/m, but with  servers.m =�

Expressions can be found by taking the limit  inm � �

the M/M/m expressions:

              pn = 1
n!(

�
� )np0

              p0 = [1 +
�

n=1
� ( �� )n 1

n! ] −1 = e− �
�

              pn = e− �
�

n! ( �� )n

Average # in the system  N = �
�(=

�

n=0
� npn)

T = N
� = 1

�
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